The coupling of single-particle motion and of vibrations in 4
If neutrons are progressively added to a normal nucleus, the Pauli principle forces them into states of higher momentum. When the core becomes neutron saturated the nucleus expels most of the wave function of the last neutrons outside to form a halo, which because of its large size can have lower momentum. It is an open question how nature stabilizes such a fragile system and provides the glue needed to bind the halo neutrons to the core. Here we show that this problem is similar to that of the instability of the normal state of an electron system at zero temperature solved by Cooper, solution which is on the basis of BCS theory of superconductivity. To understand the origin and the consequences of pairing correlations, it is illustrative to study the problem of two electrons interacting on top of a noninteracting Fermi sea of electrons. Thus, all but two of the electrons are assumed to be noninteracting. The background of electrons enter the problem only through the Pauli principle by blocking states below the Fermi surface from participating in the twoelectron problem.
This system, first studied by Cooper [1] , is unstable against the formation of a bound electron pair, regardless of how weak the interaction is, so long as it is attractive. This result is a consequence of the Fermi statistics and of the existence of the Fermi-sea background, since it is well known that binding does not ordinarily occur in the twobody problem in three dimensions until the strength of the potential exceeds a finite threshold value.
Although actual superconductors differ in a fundamental way from a single bound pair model, Cooper pairs can be viewed as the building blocks of the superconductor. Furthermore, in the nuclear case, where the number of fermions participating in the condensate is small, and where the pairing problem can be studied in terms of individual quantal states, the Cooper pair problem can describe realistic situations. In fact it seems to have a concrete realization in the halo nucleus 12 Be͑ 10 Be+2n͒, which can be viewed as two weakly bound neutrons moving around the core 10 Be. By allowing these two neutrons to interact through the bare nucleon-nucleon potential, and to exchange surface vibrations of the core, one is able to provide a unified and quantitative picture of the observed properties of this system. This result, which is quite general, suggests a strategy for designing nuclei at the edges of the neutron drip line, and thus probing the limits of nuclear stability. It also provides evidence of the limits of validity of BCS theory in finite systems: a single Cooper pair.
The properties of finite many-body systems are strongly influenced by spatial quantization [2] leading to marked shell structures [3] . This type of quantal size effects are, on the other hand, renormalized in an important way by zero point fluctuations [4, 5] . The smaller the system is, the larger the surface/volume ratio is and the stronger these effects may become. In particular, the interweaving of single-particle motion and of collective vibrations of the surface of atomic nuclei can lead to state-dependent effective masses which for light systems can even invert the sequence of particular levels as compared with the predictions of mean-field theory, thus altering the magic numbers associated with closed shells. While the standard parametrization of the singleparticle potential [3] indicates the states 0p 1/2 and 1s 1/2 to be the last bound and the first unbound orbitals of the system with Z = 4 and N = 7 nucleons, 4 11 Be 7 displays parity inversion with respect to this sequence of single-particle levels. In fact, the two bound states of this system have quantum numbers (binding energy) 1/2 + ͑−0.5 MeV͒ and 1 / 2 − ͑−0.18 MeV͒, respectively [6] . The associated spectroscopic factors measured in the knockout reaction 4 12 Be 8 ͑ 9 Be, 9 Be+ n + ␥͒ 11 Be are 0.42± 0.1 and 0.37± 0.1, respectively [7] , indicating that N = 8 is not a good magic number in the case of the neutron rich nucleus 12 Be, as it is not in the case of 11 Li either. Making use of the fact that the effective mass ( mass) m = m͑1+͒ [8] , arising from the coupling of single-particle states to collective vibrations of the system as measured by the mass enhancement factor , is closely connected with the associated spectroscopic factor Z = m / m = ͑1+͒ −1 of levels close to the Fermi energy, and of the experimental finding quoted above ͑Z Ϸ 0.4− 0.5͒ one estimates Ϸ 1.2. Adopting this value, the two-particle separation energy associated to the least bound neutrons of 12 Be is expected to be W Ϸ − C (strong coupling limit of the Cooper pair solution [9] ), where C is a typical energy of vibrational modes (Ϸ3.37 MeV, quadrupole vibration in 10 Be [10] ). Consequently W Ϸ −4 MeV, a value which agrees pretty well with the experimental finding (S 2n = −3.7 MeV [11] ). From these simple estimates, one expects the renormalization effects of the nucleon-nucleon interaction (induced interaction) of the two least bound neutrons moving around the core 10 Be due to the particle-vibration phenomenon, to be conspicuous.
In what follows we shall study the nuclei 4 11 Be 7 and 4 12 Be 8 , within the framework of nuclear field theory (NFT) (cf. Ref. [12] , and references therein), taking thus into account the coupling between single-particle motion and collective vibrations of the system. In the case of 12 Be we also include the direct interaction between the two halo nucleons through a nucleon-nucleon realistic potential (Argonne v 14 [13] ). Special emphasis will be set in the calculation of the spectroscopic factors of 12 Be which, together with the ground state occupation probabilities of the two-particle configurations s 2 , p 2 , and d 2 , provide the most sensitive quantities for a detailed comparison with the experimental findings.
We start by considering the system 4 11 Be 7 described as one neutron moving around the core 4 10 Be 6 , in keeping with the fact that the value of the neutron separation energy in 10 Be is 6.813 MeV as compared with the value of 0.504 MeV in 11 Be [11] . The description of the system is carried out in a space given by the tensor product of single-particle states a † ͉−͘ F and collective modes ⌫ † ͉−͘ B . The associated Hamiltonian is
is the mean field acting on the fermionic degrees of freedom. The single-particle energies ⑀ are determined by solving the Schrödinger equation
in a spherical box of radius R box . The potential U͑r͒ is parametrized according to Ref. ͓3͔, and is the sum of a central potential of Saxon-Woods shape with a depth given by V = −50.5+ 33͑N − Z͒ / A MeV and of a spin-orbit term. This potential gives a good average reproduction of the singleparticle levels along the valley of stability, using an effective mass equal to the bare mass, m k = m in Eq. ͑3͒. In the present calculation, one could argue that as we include explicitly the renormalization due to the coupling of the phonon, we should use for m k the value associated to a Hartree-Fock calculation. For well-bound nuclei, the value of m k would be reduced to m k Ϸ 0.7m due the effect of the exchange ͑Fock͒ term. In the present case, however, the halo neutrons lie significantly outside the central core and we expect a higher value of m k . Anyhow, we have found that our main results are not sensitive to the precise value of m k in the interval between 0.8 and 1, and in the calculations reported in the following we have used m k = m. In our calculation we have included the hole p 3/2 orbital occupied in the 10 Be core, and the s 1/2 , p 1/2 , and d 5/2 unoccupied orbitals, with energies up to E max = 350 MeV, in a box of radius R box = 30 fm.
The term Ĥ B in Eq. (1) is the Hamiltonian associated to the dynamics of the core. We shall adopt a harmonic approximation, calculating the excited states of 10 Be by means of the quasiparticle random phase approximation (QRPA) [14] using a separable multipole-multipole interaction with a coupling constant determined by means of the self-consistent condition of Bohr and Mottelson [4] . We have slightly adjusted its value in order to obtain the transition strength of the low-lying 2 + state in better agreement with the experimental values [10] .
The third term in Eq. (1), ␦Û , is the term coupling the single-particle motion with the surface vibrations:
The operators ⌫ † and ⌫ , respectively, create and destroy a quantum of vibration in the core, having angular momentum and projection , . The phonon energies ប and transition strengths ͱ ប /2B = ␤ / ͱ 2 + 1 are obtained from the QRPA calculation. In the calculations for 11 Be, we have FIG. 1. Schematic representation of the effective matrix used in the Bloch-Horowitz perturbation theory to calculate the eigenvalues of 11 Be. An arrowed line pointing upwards (downwards) indicate a particle (hole), while a wavy line indicate a collective vibrational state.
included the coupling to the 2 + and 3 − phonons; neglecting the 3 − states only slightly affects the results. The interweaving of single-particle motion and of collective degrees of freedom arising from the particle-vibration Hamiltonian has been treated within the framework of the NFT making use of Bloch-Horowitz perturbation theory [12, 15] . The eigenvalues of the dressed single-particle states were thus obtained by diagonalizing (energy dependent) matrices of the order of 10 2 ϫ 10 2 (cf. Fig. 1 ) whose elements connect a basis of unperturbed states containing both bound and continuum solutions of Eq. (3), corresponding to the quantum numbers s 1/2 , p 1/2 , and d 5/2 .
The process depicted in Fig. 1(b) describes the emission and reabsorption of a phonon by a valence neutron having angular momentum and parity j, and leads to an increase of the binding energy of the neutron. The process of Fig. 1(c) accounts instead for the indistinguishibility of the 10 Be core and of the valence neutrons, that is, for the Pauli principle. Due to the particle-vibration coupling, there will be processes contributing to the ground state energy of 10 Be, in which a neutron, initially in a hole state below the Fermi energy, virtually emits a phonon and jumps into an unoccupied state j above the Fermi energy, finally returning to its initial state by reabsorbing the phonon. This process becomes forbidden when a valence neutron is added in the state j to form 11 Be. Therefore the correlation energy associated to the core fluctuation must be subtracted in calculating the binding energy of the valence neutron in 11 Be, and this is precisely the contribution of Fig. 1(c) [9] .
The self-energy process (b) represented in Fig. 1 involves mainly the positive parity 1 / 2 + and 5 / 2 + states lying close to the Fermi energy, lowering their energy through the coupling to the 2 + core excitation. On the other hand, the contributions associated to the graph (c) of Fig. 1 , concern mostly the 1 / 2 − state, and lead to a reduction of its binding energy, because its partial occupation in 11 Be and in 12 Be blocks the ground state correlations of the 10 Be core. In fact, the blocking of transitions from the hole state 1p 3/2 to the particle state 1p 1/2 reduces the energy of the 1 / 2 − state by about 3 MeV, and turns out to be essential to explain the parity inversion observed in 11 Be. The final results for the single-particle energies are listed in Table I , in comparison with the experimental findings. The calculated matter radius is 3.2 fm, to be compared with the experimental value of 2.9± 0.05 [16] . The resulting wave function for the 1 / 2 + ground state has a 15 % admixture with the ͑d 5/2 ϫ 2 + ;1/2 + ͒ configuration. This value compares well with the experimental information which has recently become available through the measurement of the ͑ 11 Be, 10 Be+␥͒ knockout reaction [17] and of the population of the 2 + state of 10 Be in the p͑ 11 Be, 10 Be͒d one-neutron transfer reaction [19] (in the latter case a "best estimate" of 16 % was obtained for the admixture). From our wave function we have also obtained the spectroscopic factors S͓1/2 + ͔ and S͓1/2 − ͔ associated with the reaction 10 Be͑d , p͒ 11 Be [20, 21] , populating both the 1 / 2 + and 1 / 2 − levels in 11 Be; the calculation is discussed below in connection with a similar calculation carried out for the reaction 12 
Be͑
9 Be, 9 Be+ n + ␥͒ 11 Be [7] . The value of S͓1/2 + ͔ can also be inferred from the population of the 0 + state in the p͑ 11 Be, 10 Be͒d oneneutron transfer reaction [19] . The extraction of the spectroscopic factors depends on the theoretical model assumed for the reaction analysis so that the experimental values listed in Table I are subject to a rather large uncertainty. In particular, the analysis of Ref. [22] leads, in the case of 11 Be, to much smaller values ͑S͓1/2 + ͔ = 0.36-0.44͒. The calculations reported above differ in some important respects from previous works which have also investigated the structure of 11 Be, on the basis of particle-vibration coupling [24] . In particular, the effect of Pauli blocking, represented by graph (c), was not included in the calculations of Refs. [26] [27] [28] , where instead an ad hoc, strong increase of the spin-orbit potential was introduced in order to reproduce the experimental energy of the 1 / 2 − state. We want also to stress the importance of including a sufficient number of excited continuum states in the calculation: their interference leads to a localized state, so that the result converges with the size of the box (contrary to the result of Ref. [26] ). This applies, in particular, to the case of the s 1/2 state, which is unbound in our initial mean-field potential (cf . Table I) , and is essential in the case of 11 Li [25] .
The self-energy processes used to describe the dressed single-particle states of 11 Be have been included in the description of the ground state of 12 Be. As in the case of 11 Be, we use the Bloch-Horowitz and NFT rules to build the effective matrix to be diagonalized (of the order of 10 3 ϫ 10 3 ), which is shown in Fig. 2 . The Hilbert space used to describe 12 Be is made out of two-particle states [cf. Fig. 2(a) ], two particles and one phonon [ Fig. 2(b) and 2(d)], and three particles-one hole and one phonon states [ Fig. 2(c) ], all coupled to zero angular momentum. In this case, however, we also add the bare nucleon-nucleon v 14 interaction, acting between the two halo neutrons in the 1 S 0 channel. Because of the repulsive core associated with the bare nucleon-nucleon 1 S 0 potential [cf. Fig. 2(a) ], single-particle states with energies up to 500 MeV were used in the calculations to ensure convergence of the results.
The two valence neutrons were coupled to the phonons of 12 Be itself, rather than to those of 10 Be core. In fact, the presence of a second valence neutron renormalizes in a strong way the properties of the phonons. This renormalization could be taken into account by NFT, but this would require a rather involved calculation. We have instead fixed the parameters of QRPA in order to reproduce the experimental properties of the low-lying vibrations of 12 Be. Besides the 2 + and the 3 − phonons, also the 1 − phonons were included to account for recoil terms [29] and the coupling constants needed to define the multipole-multipole residual interaction were tuned in order to reproduce the energies of the lowest 1 − and 2 + states measured in this nucleus [10, 30] .
The lowest eigenvalue of the matrix depicted in Fig. 2 is −3.58 MeV, to be compared with the experimental twoparticle separation energy of −3.67 MeV. The main contribution to the nucleon-nucleon interaction arises from the induced interaction [ Fig. 2(d) ], that associated with the bare nucleon-nucleon potential [cf. Fig. 2(a) ] being quite small ͑Ϸ100 keV͒. This result is associated with the fact that, in 12 Be, the single-particle states allowed to the valence neutrons to correlate are essentially the s 1/2 , p 1/2 , and d 5/2 orbits. Consequently the two neutrons are not able, in this low angular momentum phase space, to profit from the pairing contribution of the bare interaction which is connected with the high components of the associated multipole expansion.
The squared amplitudes of the 12 Be ground state wave function are shown in 12 Be ground state (cf. also Ref. [7] ) is much larger than that calculated in the case of 11 Li [25] . This is due to the fact that the d 5/2 orbital in 10 Li is much less confined than in 11 Be, thus displaying much smaller overlaps with the 1s 1/2 and 0p 1/2 orbitals. Furthermore to the fact that in 11 Li the dipole mode is much softer than in 12 Be [30] . Using this wave function and that obtained for the ground state and the first excited state of 11 Be, we have calculated the spectroscopic factors associated to the knockout of a single nucleon. In particular, a nucleon with quantum number 1 / 2 − , S͓1/2 − ͔ = ͉͗ Table I͒ . Also the spectroscopic factors associated with 11 Be ͑Table I͒ were calculated following the same scheme.
Diagonalizing the matrix shown in Fig. 2 , we also obtain the energies of the excited 0 + states in 12 Be. In particular, we obtain that the energy of the first excited state is 2.04 MeV, to be compared with the experimental value of 2.24 MeV [31] .
We conclude that the main nuclear structure properties of both 11 Be and 12 Be may be understood in terms of the selfenergy and induced interaction processes associated with the dynamic polarization of the nuclear surface. The similarity of NFT results with those of large shell model calculations reported in Ref. [7] for 12 Be and in Ref.
[32] for 11 Be, indicates that a proper treatment of single particle and of collective degrees of freedom and of their interweaving provides an essentially complete description of the nuclear structure of these nuclei as was already found in the case of nuclei lying along the stability valley.
